The contour integrals, occurring in the arbitrary-order phase-integral quantization conditions given in a previous paper, are in the first-and third-order approximations expressed in terms of complete elliptic integrals in the case that the charges of the Coulomb centres are equal. The evaluation of the integrals is facilitated by the knowledge of quasiclassical dynamics. The resulting quantization conditions involving complete elliptic integrals are solved numerically to obtain the energy eigenvalues and the separation constants of the 1sσ and 2pσ states of the hydrogen molecule ion for various values of the internuclear distance. The accuracy of the formulas obtained is illustrated by comparison with available numerically exact results.
INTRODUCTION
In a previous paper [1] the general two-centre Coulomb problem was treated according to the phase-integral method, briefly described in the appendix of that paper, and arbitrary-order quantization conditions were given, valid uniformly for all energies.
The symmetric case, where the charge numbers Z 1 and Z 2 of the two Coulomb centres are equal, represents for Z 1 = Z 2 = 1 the hydrogen molecule ion H + 2 . This case has for natural reasons been studied more extensively than the general two-centre problem. Thus, the H + 2 ion was the subject of treatments already with the aid of the old quantum theory [2] and in the early days of quantum mechanics [3, 4] . The simplicity of the hydrogen molecule ion grants it an analogous unique position in molecular physics as the hydrogen atom possesses in atomic physics. For instance, H + 2 plays a role of fundamental significance in the theory of chemical bonding, and it is also of importance in the study of stellar atmospheres.
For the background of the present paper we refer to [1] . In sec. 2 of the present paper we present the quasiclassical dynamics of the associated particle system by setting up the equation of motion for a particle moving in the relevant potential and express the solution in terms of Jacobian elliptic functions. In sections 3 and 4 we express the quantization conditions given in [1] in terms of complete elliptic integrals by using the solution in sec. 2. We introduce, analogously as Lakshmanan and Kaliappan [5] , Lakshmanan et al. [6] and Lakshmanan et al. [7] , convenient transformations to elliptic functions, in order to be able to express both the real and the complex contour integrals, occurring in the quantization conditions, in terms of complete elliptic integrals. In choosing our transformations we exploit the symmetry of the functions R(η) and Q 2 (η), introduced in [1] , already from the begining of the calculations, since this is much simpler than to particularize formulas for the general case of arbitrary nuclear charge numbers Z 1 and Z 2 to the case Z 1 = Z 2 . Thus we obtain simple expressions for the quantities appearing in the quantization conditions in [1] . It should be remarked that if one particularizes the η-quantization conditions involving complete elliptic integrals that are valid for arbitrary charge numbers Z 1 and Z 2 (to be derived in the subsequent paper [8] ) to the case Z 1 = Z 2 , one must in general make further cumbersome transformations in order to bring the quantization conditions in question into the same form as those obtained by assuming from the begining that Z 1 = Z 2 . The functionsR(ξ) andQ 2 (ξ), introduced in [1] , do not display an analogous symmetry as R(η) and Q 2 (η) when Z 1 = Z 2 . The treatment of the ξ-equation is thus the same whether Z 1 = Z 2 or Z 1 = Z 2 , and it is analogous to the treatment of the η-equation in the general case when Z 1 may be different from Z 2 , which is treated in the third paper [8] in our series of papers concerning the phase-integral treatment of the quantal two-centre Coulomb problem. All the contour integrals needed in the calculations are expressed in terms of complete elliptic integrals, corresponding to the use of the first-and third-order phase-integral approximations. Since complete elliptic integrals can easily be evaluated by means of standard computer programs, computational difficulties that may arise in direct numerical calculations (especially of higher-order terms) are thereby eliminated. One achieves also the possibility of being able to utilize well-known properties of complete elliptic integrals, for instance series expansions, for analytic studies on the basis of the quantization conditions. Some of the first-order contour integrals have been given in terms of complete elliptic integrals previously by Strand and Reinhardt [9] , but to the best knowledge of the present authors, even in the first-order approximation only partial results have been given.
The phase-integral formulas derived in this paper are quite flexible due to the presence of two arbitrary parameters C andC introduced in the base functions Q(η) andQ(ξ) in eqs. (3.2b) and (3.2a), respectively, in [1] . In accordance with the discussion in sec. 3.1 of [1] it is appropriate to choose C andC such that the first-order results are exactly equal to the third-order results, and we confirm in sec. 5 the convenience of this approach by investigating for the 1sσ and 2pσ states of the hydrogen molecule ion the accuracy of our phase-integral quantization conditions.
QUASICLASSICAL DYNAMICS
We have seen in sec. 3 of [1] that the quantization conditions require the evaluation of various contour integrals. In the present section we shall restrict ourselves to the η-equation. The shape of the contours depends on the choice of Λ and on the real or complex nature of the zeros of Q 2 (η); see Figs. 2 -4 in [1] . Letting, when −Q 2 (η) is a double-well potential, the zeros of Q 2 (η) be η 1 , η 2 , η 3 , η 4 when Λ = |m| = 0 and η 2 , η 3 when Λ = 0, we shall evaluate the integrals α = β andK in the following cases separately. In each one of these cases the evaluation of the contour integrals in terms of complete elliptic integrals is facilitated by the knowledge of the associated quasiclassical dynamics. In particular the relevant substitution for the integration variable in the various contour integrals can be obtained with the help of, for example, Byrd and Friedman [10] . However, the meaning of these substitutions can be attributed to the associated solution of the equation of motion of the corresponding classical problem as in the case of three-dimensional anharmonic oscillators [7] .
To illustrate what has been said above, we shall consider the subbarrier case of Λ = |m| = 0. (For the other cases the analysis can be carried out in a similar way.) The base function Q(η) for this case is
where
. Let us define a new integration variableū by writinḡ
Before solving (2.3), we shall relate this differential equation to the equation of motion for the quasiclassical motion of a particle with a mass µ in a certain potential by differentiating (2.3) with respect toū, getting
Defining now the "time" variable u as
we obtain the equation of quasiclassical motion
We can consider (2.6a) as representing the motion of a particle in the potential U (η). We shall now solve the differential equation (2.3) in terms of Jacobian elliptic functions when Q 2 (η) is given by (2.1). The potential U (η) is then given by
and according to (2.3) and (2.1)
By solving (2.8) with respect to η we obtain
whereū 0 is an integration constant, and the modulus k of the Jacobian elliptic function is given by
Similarly we can for all other cases interpret the corresponding quasiclassical dynamics by the above type of treatment.
In order to express the contour integrals, occurring in the quantization conditions pertaining to the ξ-equation and the η-equation, in terms of complete elliptic integrals, we transform the integrals in question from the ξ-or η-plane to another complex plane, the u-plane, on which the Jacobian elliptic functions cnu, snu and dnu are defined. We make frequent use of formulas in [10] . As mentioned above the transformation in question can be attributed to quasiclassical dynamics. Putting η 4 = −η 1 = a and η 3 = −η 2 = b, we have the base function (2.1), that is,
Using the appropriate transformation on p. 54 in [10] , or equivalently the quasiclassical solution given in sec. II, we put
Noting that the loop η 2 → η 1 → η 2 , that is −b → −a → −b, in the η-plane, denoted by Γ −b,−a , represents the contour Λ α in Fig. 3 (a) of [1] which corresponds in the u plane to 0 → K → 2K, where K is the complete elliptic integral of the first kind, we obtain for the first-order contribution to α the following transformation of the original integral in the η-plane into an integral in the u-plane:
which, after decomposition of the integrand into partial fractions and use of recurrence formulas in [10] , yields
Here K(k), E(k) and Π(ν 2 , k) are complete elliptic integrals of first, second and third kind, respectively. Similarly we obtain for the third-order contribution to α (see eqs. (3.13b), (A.5b), (A.6b), (A3), (2.9b) and (3.2b) of [1] ),
where C is the parameter introduced in the base function Q(η) in eq. (3.2b) of [1] . After evaluation of the integrals we obtain
and
Analogous calculations can be performed to evaluate the quantityK. For this purpose we make use of the appropriate transformation on p. 58 in [10] , that is
The first-order (see eqs.(3.15b), (A5b) and (A6a) of [1] ) and the third-order (see eqs. (3.15b), (A5b), (A6b), A(3), (2.9b) and (3.2b) of [1] ) contributions to K (= πK) are
The integrals α ′ and β ′ for the contours Λ α ′ and Λ β ′ in Fig. 3 (a) in [1] are obtained from the formulas
The quantitiesL andL
Denoting the four real zeros ξ 1 < ξ 2 < 1 < ξ 3 < ξ 4 ofQ 2 (ξ) by the simpler notations d < c < 1 < b < a, respectively, used in [10] , we haveQ
Using the appropriate transformation on p. 120 in [10] , we obtain (cf. sec. II)
Noting that the loop
, represents the contour ΛL in Fig. 1 (a) of [1] and corresponds to 0 → K → 2K in the u-plane, and using the transformation (3.12), we obtain the first-order contribution toL through the following transformation of the original integral in the ξ-plane to the u-plane:L
Note that a, b, c, d, and hence also ν 1 , ν 2 , ν 3 , g, k, depend on the choice of the parameterC in the base functionQ(ξ); cf. (3.2a) in [1] . Decomposing the integrand in (3.13) into partial fractions, and using recurrence formulas in [10] , we obtain the final formulaL
where we have introduced the "universal" function H (1) , and
, (3.17a)
, (3.17b)
, (3.17c)
which can also be written as
the last formula being valid if ν 2 i and k 2 fulfil the conditions stated in section 117.03 in [10] . Similarly we get for the third-order contribution toL:
where H (3) is another "universal" function,C is the parameter in the base functionQ(ξ) (cf. eq. (3.2a) in [1] ), and 
The integralL ′ for the contour ΛL ′ in Fig. 1 (a) in [1] is obtained from the formulaL
andL ′ (3) can be obtained from (3.16a,b) and (3.16c,d). 
Using the appropriate transformation on p. 133 in [10] , that is,
we now utilize the fact that the Jacobian elliptic functions are doubly periodic, one of the periods being complex. Thus, the loop η 1 → η 2 → η 1 , that is −a → −ia 1 → −a, in the η-plane, denoted by Γ −a,−ia1 , represents the contour Λ α in Fig. 4 (a) of [1] , and it corresponds in the u-plane to 0
(2n+1) the integral occurring in the definitions (3.13b) and (3.15b ′ ) in [1] when Z 1 = Z 2 , we have the following first-order expression:Ḡ
which when transformed to the variable u becomes
After evaluation of the integral in (3.24) we obtain
Similarly one obtains
Recalling the definition ofḠ (2n+1) above (3.23) in the present paper, one sees that according to (3.13b) in [1] the first-and third-order contributions to α are
and that according to (3.15b ′ ) in [1] the first-and third-order contributions to K(= πK) are
28a)
The integrals α ′ = β ′ associated with the contours Λ α ′ and Λ β ′ in Fig. 4 in [1] are obtained from the integrals α = β by means of the relations (3.18a) in [1] , that is,
The integrals L and L ′ associated with the contours Λ L and Λ L ′ in Fig. 4 (a) in [1] can be obtained from the integrals α = β by means of the formulas L = α + β = 2α and L ′ = L + |m|. The only essential difference between −Q 2 (η) in Fig. 4 (a) in [1] and −Q 2 (η) in Fig. 2 in [1] is that in the former figure there is an underdense barrier of −Q 2 (η), while in the latter figure −Q 2 (η) has a single minimum. For the case in Fig. 2 one has therefore the formula
, with the expansions (3.27a) and (3.27b) for α (1) and α (3) , and the formula L ′ (2n+1) = L (2n+1) + |m|δ m,0 . The case in Fig. 2 has, however not appeared in our applications.
′ pertaining to the ξ-equation [Fig. 1(a) in Ref. 1] Denoting by ξ 3 = b and ξ 4 = a the real zeros ofQ 2 (ξ), and by c and c * the complex conjugate zeros ξ 1 and ξ 2 of Q 2 (ξ), we haveQ
and using the appropriate transformation on p. 133 in [10] , we get
Noting that the loop b → a → b in the ξ-plane (denoted by Γ b,a for the contour ΛL) corresponds to the path 0 → 2K → 4K in the u-plane, and using the transformation (3.32), we obtain for the first-order contribution toL the formula (see Fig. 1 (a) in [1] ),
By evaluating the last integral in (3.33), and introducing a new "universal" functionH (1) , given by eqs. (2.19), (2.20a-c) and (2.21) in [8] with j = 0, we obtaiñ
36b)
cf. for the definition ofS i eq. (2.21) in [8] . The third-order contribution toL is
is another "universal" function, given by eqs. (2.22) and (2.23a-c) in [8] with j = 0, and where thus
The integralL ′ associated with the contour ΛL ′ in Fig. 1 (a) in [1] is obtained from the formulaL ′ =L + |m| 2 π. One has therefore the formulasL
given by (3.39a) and (3.39b). Putting η 3 = −η 2 = b as before, we have
Using (3.2) with a = 1, the first-and third-order contributions to α become
The first-and third-order contributions to K(= πK) are
where k 2 = b 2 . If the real zeros ofQ 2 (ξ) are ξ 3 = c(< a) and ξ 4 = a, we havẽ
We shall treat the three cases 1 < c < a, −1 < c < 1 < a and c < −1 < 1 < a separately.
For this case we use in [10] the transformation on p. 120 and the formula in section 256.19 with a suitable choice of parameters to obtain the first-and third-order contributions toL as
To obtainL ′ one can use the formulaL
given by (4.5a) and (4.5b). Case −1 < c < 1 < a [ Fig. 1(b 
We use in [10] the appropriate transformation on p. 120 and the formula in section 256.17 (with b = 1 and d = −1) to obtain the first-and third-order contributions toL ′ (see Fig.1 
Using in [10] the transformation on p. 120 and the formula in section 256.20 with a suitable choice of parameters, we obtain the first-and third-order contributions toL ′ as
The case of two complex conjugate zeros of the square of the base function occurs only for the η-equation. With η 2 = −ia 1 and η 3 = ia 1 we have
Specializing to the case a = 1 in (3.27a,b) and (3.28a,b) along with (3.25a,b), we obtain the first-and third-order contributions to α as
and the first-and third-order contributions to K(= πK) as
whereḠ
The integral L ′ associated with the contour Λ L ′ in Fig. 4 (b) in [1] is obtained from the formula L ′ = α + β = 2α.
ACCURACY OF THE PHASE-INTEGRAL QUANTIZATION CONDITIONS FOR THE 1sσ AND 2pσ STATES OF THE HYDROGEN MOLECULE ION
For the 1sσ and 2pσ states of the hydrogen molecule ion one has to put Λ = 0. The quantization conditions in [1] for the 1sσ state are (3.5a) withs = 0 [ Fig. 1(a when r 12 is sufficiently large. After having expressed these quantization conditions in the first and third order of the phase-integral approximation in terms of complete elliptic integrals, as described in the previous sections, we have used these quantization conditions to calculate the energy E and the reduced separation constant A ′ . In subsection 5.1 we determine C andC as functions of r 12 such that the first-and third-order quantization conditions give the same values of both E and A ′ . For the values of C andC thus obtained, the choice of the base functions Q(η) and Q(ξ) is optimal in the sense that the most accurate first-order values of E and A ′ are obtained, since the first-and third-order approximations give the same values of E and A ′ . In this connection we remark that there are quantal systems for which one can obtain exact values of the energy by choosing the base function such that the first-and third-order results coincide; see p. 1826 in [11] and p. 16 in [12] . In subsection 5.2 we determine C andC such that the phase-integral quantization conditions give the numerically exact values of E and A ′ obtained by Murai and Takatsu [13, 14] and establish that the values of C andC thus obtained are in qualitative agreement with the values of C andC determined in subsection 5.1. By determining C andC for each value of r 12 such that the first-and third-order quantization conditions give the same value of E as well as of A ′ , we have obtained the results in Table I for the 1sσ state and in Table II By determining C andC for each value of r 12 such that the first-order quantization conditions reproduce the numerically exact values of E and A ′ calculated by Murai and Takatsu [13, 14] we have obtained the values of C andC presented in Table III for the 1sσ state and in Table IV for the 2pσ state. In Figs. 3 and 4 , we have shown the dependence of C andC on r 12 for the states 1sσ and 2pσ, respectively. One can carry out a similar calculation using the third-order phase-integral quantization condition also and determine the appropriate C andC. However, the numerical analysis becomes too laborious and time consuming and so we have not presented the results here.
To obtain the numerical results in subsections V.A and V.B a general FORTRAN computer program using very rapid library routines was written at the Centre for Nonlinear Dynamics, Department of Physics, Bharathidasan University, Tiruchirapalli, India. We have carried out the numerical calculations by Silicon Graphics Power Indigo 2 XZ Graphics Workstation (R8000, 64bit processor) using FORTRAN 77 compiler.
Some years ago, a direct numerical integration of the contour integrals in the phase-integral quantization conditions for the hydrogen molecule ion was carried out by Fil. lic. Anders Hökback at the Department of Theoretical Physics, University of Uppsala, Sweden. By means of this numerical material it was possible to make valuable checks of the correctness of the phase-integral quantization conditions expressed in terms of complete elliptic integrals. [13, 14] are given in the columns called EMT and A of (a) C versus r12 and (b)C versus r12, when C andC are determined as functions of r12 from the requirement that the first-order phase-integral results coincide with the numerically exact results obtained by Murai and Takatsu [13, 14] . There is a break in each curve between the regions where the quantization conditions for sufficiently small and sufficiently large values of r12 have been used.
